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Order bornological spaces and order nltrabornological spaces 

Liang Hong 


Abstract. Ordered locally convex spaces is an important classes of spaces in 
the theory of ordered topological vector spaces just as locally convex spaces in 
the theory of topological vector spaces. Some special classes of ordered locally 
convex spaces such as order infrabarrelled spaces have been studied. The 
purpose of this paper is to define order bornological spaces and study their 
fundamental properties. We also define and study order ultrabornological 
spaces which is an important special class of order bornological spaces. 


1. Notation and basic concepts 

For notation, terminology and standard results concerning topological vector 
spaces, we refer to [3], [6], [9] and [10]; for notation, terminology and standard 
results concerning Riesz spaces, we refer to [1], [2], [8] and [14]. A partially ordered 
set X is called a lattice if the infimum and supremum of any pair of elements in 
X exist. A real vector space X is called an ordered vector space if its vector space 
structure is compatible with the order structure in a manner such that 

(a) if a; ^ y, then x + z ^ y + z for any z € X; 

(b) if X ^ y, then Xx < Xy for all A ^ 0. 

An ordered vector space is called a Riesz space (or a vector lattice) if it is also a 
lattice at the same time. A vector subspace of a Riesz space is said to be a Riesz 
subspace if it is closed under the lattice operation V. A subset V of a Riesz space 
X is said to be solid if jsj ^ \y\ and y £Y implies x €Y. 

Let V be a vector space over a field K and A and B be two subsets of V, A 
is said to absorb B if there exists a > 0 such that B C XA for all A G if such 
that [A] ^ a. The smallest balanced set containing A, denoted by At, is called 
the balanced envelope/hull of A; the smallest convex set containing A, denoted by 
Ac, is called the the convex envelope/hull of A; the smallest balanced convex set 
containing A, denoted by Ahc, is called the balanced convex envelope/hull of A. 
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A topology r on a vector space X over a field K is called a linear topology 
or vector topology if the addition operation (x, y) i—>■ x + y from X x X io X 
and the scalar multiplication operation (A, x) i—^ Ax from K x X to X are both 
continuous. A topological vector space {X, r) over a field AT is a vector space X 
endowed with a vector topology r. Unless otherwise stated, all topological vector 
spaces are assumed to be over R. A topological vector space X is said to be semi- 
complete if every Cauchy sequence in X is convergent. A subset B of a topological 
vector space (X, r) is said to be topologically bounded or r-bounded if it is absorbed 
by every neighborhood of zero; as pointed by [3], this is equivalent to saying for 
every neighborhood V of zero there exists some A > 0 such that AB C V. A 
topological vector space (X, r) is said to be locally convex if it has a neighborhood 
base at zero consisting of convex sets. A locally convex topological vector space is 
said to be seminormable (normable) if it can be generated by a single seminorm 
(norm). The finest locally convex topology on a vector space X is the collection of 
all absorbing, balanced and convex sets of X. An ordered topological vector space 
is an ordered vector space equipped with a compatible vector topology. Let (X, r) 
be an ordered topological vector space. Then the family Tb of all the balanced and 
convex subsets of X each of which absorbs all order bounded subsets of X is called 
the order-bound topology or order topology on X. An ordered locally convex space 
is an ordered topological vector space that is locally convex at the same time. A 
topological Riesz space is an ordered topological vector space which is a Riesz space 
at the same time. A topological Riesz space that is locally convex at the same time 
is called a locally convex Riesz space. A vector topology r on a Riesz space X is 
said to be locally solid if there exists a r-neighborhood base at zero consisting of 
solid sets. A locally solid Riesz space is a Riesz space equipped with a locally solid 
vector topology. A seminorm p on a Riesz space X is called a Riesz seminorm if 
|x| ^ |y| implies p(x) ^ p{y) for any two elements x,y G X. A vector topology 
on a Riesz space is said to be locally convex-solid if it is both locally solid and 
locally convex. A locally convex-solid Riesz space is a Riesz space equipped with 
a locally convex-solid vector topology. Following [ 11 ], we say a locally convex-slid 
Riesz space E is an order infrabarrelled Riesz space if each order bornivorous barrel 
in U is a neighborhood of zero. 

All operators in this paper are assumed to be linear; therefore, an operator 
means a linear operator. Let T be an operator between two ordered topological 
vector spaces and (A 2 ,T 2 ). T is said to be a positive operator if it carries 

positive elements to positive elements; it is said to be regular if T can be written as 
the difference of two positive operators; it is said to be order bounded if it carries 
order bounded sets to order bounded sets; it is said to be topologically bounded if it 
maps Ti-bounded sets to r 2 -bounded sets; it is said to be topologically continuous 
if T~^{0) G Ti for every open set O G r 2 . A topologically continuous operator is 
topologically bounded. 

Theorem 1.1 (Theorem 2.19 of [2]). If {E^t) is a locally solid Riesz space, 
then every order bounded subset of E is r-bounded. 
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Theorem 1.2 (Theorem 2.4 of [5]). Let {E,t) be an ordered topological vector 
space that has an order bounded t- neighborhood of zero. Then every r-bounded 
subset of E is order bounded. 

Theorem 1.3. Let {E,t) he an ordered topological vector space. 

(i) If E is locally solid, its order topology ti, is finer than t, that is, Tf, C r. 
If in addition E also has an order bounded t- neighborhood, then ti, = r. 

(ii) If E is locally solid and Tb ^ t, then there exists an ordered locally convex 
space (F,t') and an order bounded linear operator T from E to F such 
that T is not topologically continuous. 

Proof. (i) The statement follows from Theorem 1.1 and the fact that 

order topology is the finest topology in which each order bounded set is 
topologically bounded (p. 230 of [10]). 

(ii) The conclusion follows from (i) and Proposition 2.2 in [13]. 

□ 


2. Order bornological spaces 

Recall that a subset i? of a topological vector space {E, r) is said to be borniv- 
orous if it absorbs all r-bounded sets in E. Below we define an analogous concept 
for ordered topological vector spaces. 

Definition 2.1. A set B in an ordered topological vector space {E,t) over a 
field F is said to be order hornivorous if it absorbs all order bounded sets in E, that 
is, for any order bounded set D in E there exists some a > 0 such that D C XB 
for all A G F such that |A| ^ a. 

Remark 1. If r is locally solid, then every order bornivorous set is bornivorous 
and hence absorbing; therefore, the gauge gB of an order bornivorous, balanced 
and convex set i? is a seminorm on F. If in addition B is solid, then gs is seen to 
be a Riesz seminorm. 

Remark 2. If E has an order bounded r-neighborhood of zero, then every borniv¬ 
orous set is order bornivorous. Thus, if E has an order bounded r-neighborhood 
of zero, then every r-neighborhood of zero is order bornivorous. 

Remark 3. A bornivorous set in an ordered topological vector space need not be 
order bornivorous, as the next example shows. 

Example 3.1. Let E = and r be the usual topology on R^. Equip E with the 
lexicographic ordering, that is, for two points x = {xi,X 2 ) and y = (?/i,i/ 2 ) in 
we define x ^ y ii and only if xi < yi or else xi = yi and 1/2 ^ 2 / 2 - It is evident 
that the closed unit ball B absorbs any r-bounded sets; hence it is bornivorous. 
Let X = (—1,0) and y = (1,0). Consider the order interval [x, y] which is obviously 
order bounded. However, U does not absorb [x,y\. Therefore, U is not order bor¬ 
nivorous. 
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Remark 4. An order bornivorous set in an ordered topological vector space need 
not be bornivorous. To see this, consider the following example. 

Example 3.2. Let E = tt] be the space of functions defined on [—tt, tt] with 

continuous first-order derivatives and r be the norm topology generated by the 
sup norm ||a;||oo = sup_^^(^^ Then r is locally convex. Equip E with the 

ordering defined as follows: for x,y € E we define a; ^ if and only if x(t) ^ y(t) 
and x'{t) ^ y'{t) for all t G [— tt, tt], where x' denotes the derivative of x for x G E. 
Consider the set i3 = {a:Gi5|a:^l}. Then B is order bornivorous. However, B is 
not bornivorous. To see this, we consider the r-bounded set A = {x € E | ||x||oo ^ 
1}. Since {sinfctjfcgAr G A and sup_.„.<j<;,,.{(sinfct)'} = oo; B cannot absorb A. 
Therefore, U is order bornivorous but not bornivorous. 

Definition 2.2. An ordered locally convex space {E,t) is said to be an order 
bornological space if each order bornivorous, balanced and convex set is a neighbor¬ 
hood of zero. An order bornological space that is a Riesz space at the same time 
is called an order bornological Riesz space. 

Remark. In general, an order bornological Riesz space is different from a bornolog¬ 
ical Riesz space which is defined as a locally convex Riesz space that is bornological. 
The latter class of spaces were studied in [7] and [12]. Example 3.1 shows that there 
exists an order locally convex space that is bornivorous but not order bornological. 

Theorem 2.1. Suppose {E,t) is an ordered locally convex Riesz space. Then 
the following statements hold. 

(i) If E is a normed Riesz space, then it is order bornological. In particular, 
every Banach lattice is order bornological. 

(ii) If E is a locally convex-solid order bornological Riesz space, then it is order 
infrabarreled. 

(hi) If E is a locally solid order bornological Riesz space, then it is bornological. 
Conversely, if E is bornological and has an order bounded t -neighborhood 
of zero, then it is order bornological. 

(iv) If E has an order bounded t- neighborhood of zero, then E equipped with 
its finest locally convex topology is order bornological. 

(v) Let Tob denote the following collection of subsets of E: 

{B G E \ B is an order bornivorous, balanced and convex subset of E}. 

Then Tob is a vector topology on E and {E, Tob) is an order bornological 
space. Moreover, Tob is the finest locally convex topology t' for E such 
that order bounded sets in {E,t') are the same as in {E,t). 

(vi) If F is an ordered vector space and {{Ei,Ti)}i^i is a family of locally 
solid order bornological Riesz spaces, Ti : Ei ^ E is a linear operator 
for each i G I, and E equipped with the final locally convex topology Tf 
for {Ti}i^i has an order bounded Tf-neighborhood of zero, then {E,Tf) is 
order bornological. 
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Proof. (i) Let {E,t) be a normed Riesz space, where r is the corre¬ 

sponding norm topology. Then r is locally-convex solid. Let B be an order 
bornivorous, balanced and convex neighborhood of zero. Since the associ¬ 
ated norm || -1| is a Riesz norm, for any r- > 0 the ball Br = {x \ ||x|| < r} 
is order bounded. Therefore, these balls are absorbed by B. It follows 
that R is a neighborhood of zero; hence, E is order bornological. 

(ii) Trivial. 

(hi) In view of Theorem I.l, a bornivorous set in a locally solid Riesz space 
is order bornivorous. Hence, in a locally solid order bornological Riesz 
space every bornivorous, balanced and convex set is a neighborhood of 
zero. Conversely, the hypothesis and Theorem 1.2 imply that an order 
bornivorous set in E is bornivorous. Hence, every order bornivorous, 
balanced and convex set in is a neighborhood of zero. 

(iv) This follows from (hi) and the fact that E equipped with its finest locally 
convex topology is bornological (p.222 of [6]). 

(v) The hrst statement follows from the neighborhood system structure theo¬ 
rem for topological vector spaces (p. 1.7 of [3]) and Definition 2.1. For the 
second statement, notice that an order bounded set D in FI is absorbed 
by the same collection of balanced and convex sets in (i?, Tot) and (i?, r). 

(vi) The hypothesis implies that each {Ei,Ti) is a bornological space. There¬ 
fore, {F,Tf) is also bornological (p. 111.12 of [3]). It follows from (hi) that 
(F, Tf ) is order bornological. 

□ 

Remark 1. The Euclidean norm on is not a Riesz norm when is equipped 
with the lexicograhpic ordering. Thus, Example 3.1 shows that the conclusion in 
(i) need not hold if the norm on a Riesz space is not a Riesz norm. A finite dimen¬ 
sional locally convex space is bornological (p. 111.12 of [3]); but a finite dimensional 
ordered locally convex space need not be order bornological, as Example 3.1 shows. 
Moreover, Example 3.1 shows that a metrizable locally-convex solid Riesz space 
(even a Frechet lattice) need not be order bornological, although a metrizable lo¬ 
cally convex space is bornological (p. HI.2 of [3] or p.222 of [6]). 

Remark 2. The order bornological space {E, Tob) in (v) is called the order bornolog¬ 
ical space associated with {E,t). 


Corollary 2.1. Let {E,t) be a locally solid order bornological Riesz space 
and {F,t') be the inductive limit, a direct sum or a quotient space of E. If a 
partial order makes F an ordered vector space such that F has an order bounded 
t' -neighborhood of zero, then {F,t') is order bornological. 

Lemma 2.1. Let {E, r) be an ordered topological vector space and B be an order 
bounded subset of E. Then the following statements hold. 

(i) The balanced hull Bb of B is order bounded. 

(ii) The convex hull Be of B is order bounded. 
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(iii) The convex balanced hull Bbc of B is order bounded. 

Proof. (i) Since B is order bounded in E, there exists an order interval 

[x, y] in E such that B C [a:, y\. For any a £ B, some algebra shows that 
(—|a;|) A (—|y|) ^ Aa ^ |x| V \y\ for all A € F such that |A| ^ 1, implying 
that Bb is contained in the order interval[(—|a;|) A (—|y|), |a;| V |?/|]. Hence, 
Bb is order bounded. 

(ii) The convex hull Be of B may be written as 

{ n n 

^ ^ AiOi I n G N, Xi ^ 0, ^ ^ Xi = 1, Qi G B 

i=l i=l 

Let [x, y] be an order interval that contains B. Then for any ^ 

Be we have 

n n n 

X = '^XiX XiOi if'^Xiy = y. 

2=1 2=1 2=1 

Thus, Be G [x, 2 /], that is, Be is order bounded. 

(iii) This follows immediately from (i) and (ii). 

□ 

Lemma 2.2. Let (Fi,ri) and {E 2 ,T 2 ) be two ordered topological vector spaces 
such that E 2 has an order bounded T 2 -neighborhood of zero. Suppose T is a linear 
operator between Ei and E 2 . Then the following statements are equivalent. 

(i) T is order bounded. 

(ii) T carries order bounded, balanced and convex sets into order bounded, 
balanced and convex sets. 

(iii) The inverse image of an order bornivorous, balanced and convex set under 
T is an order bornivorous, balanced and convex set. 

Proof. {i) =?> iii). The implication is obvious. 

{ii) (i). Let B be an order bounded subset of Ei and Bbc be the 
balanced convex hull of B. Then Bbc is order bounded by Lemma 2.1. 
Since T{Bbc) is order bounded in E 2 and T{B) C T{Bbc), T{B) is also 
order bounded. 

{ii) {iii). Let A be an order bornivorous, balanced and convex set in 
E 2 . By the hypothesis, for any order bounded subset B of Ei, T{B) is 
order bounded in E 2 . Thus, A absorbs T{B), that is, there exists a > 0 
such that T{B) C XA for all A G F such that |A| ^ a, or equivalently, 
B C AT“^(H) for all A G F such that |A| ^ a. It follows that T~^{A) 
absorbs B; hence, T~^{A) is order bornivorous. Since convexity and 
balancedness are preserved under the inverse image of a linear operator, 
the conclusion follows. 

{iii) => {ii). Let B be an order bounded disk of Fi and V be an or¬ 
der bornivorous, order bounded, balanced and convex T 2 -neighborhood of 
zero. Then T~^{V) is an order bornivorous, balanced and convex set in 
El. Thus, T~^{V) absorbs B, implying that there exists a > 0 such that 
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T{B) C XV for all A S F such that |A| ^ a. It follows from Theorem 1.2 
that T{B) is order bounded in F 2 . Now the implication follows from the 
fact that convexity and balancedness are both preserved under a linear 
operator between two vector spaces. 

□ 

Remark. Astute readers may have noticed that only the implication (iii) (ii) 
requires that E 2 has an order bounded T 2 -neighborhood of zero. 


Theorem 2.2. Let (Fi,ri) be an ordered locally convex space. Then the fol¬ 
lowing two statements holds. 

(i) If El is order bornological, then for any ordered locally convex space 
{E 2 , T 2 ) with an order bounded T 2 -neighborhood of zero, each order bounded 
operator T : Ei ^ E 2 is topologically continuous. 

(ii) If for any ordered locally convex space [E 2 ,T 2 ), each order bounded opera¬ 
tor T : El ^ E 2 is topologically continuous, then every order bornivorous, 
balanced, convex and solid set in Ei is a neighborhood of zero. 

Proof. (i) Suppose Ei is order bornological. Let B be a balanced and 

convex neighborhood of zero in E 2 . Then B is order bornivorous. It 
follows from Lemma 2.2 that T~^{B) is an order bornivorous, balanced 
and convex set in Ei, implying that T~^{B) is a neighborhood of Ei. 
This shows that T is topologically continuous. 

(ii) Let B be an order bornivorous, balanced, convex and solid set in Ei and 
5 b be the gauge of B. Then 53 is a Riesz seminorm on Ei. We will 
denote this seminormed Riesz space by (A, r). Then (A, r) is a locally 
convex-solid space with an order bounded r-neighborhood of zero. Let A 
be an order bounded subset of Ei. Then there exists a > 0 such that 
A C XB for all A S F such that |A| > a. Since the ri-closure of B is 
{x I gsix) ^ 1} (p.95 of [6]), we have XB c A{a; | gsix) ^ 1} for all 
A > 0, showing that A is r-bounded in A; hence it is order bounded 
by Theorem 1.2. This shows that the identity operator J : Fi —>■ F 2 
is order bounded. It follows from the hypothesis that B = I~^{B) is a 
neighborhood of Ei. 

□ 


3. Order ultrabornological spaces 

As a special class of bornological spaces, ultrabornological spaces were defined 
and studied in [4]. Some basic properties of ultrabornological spaces may be found 
in [3] . Analogously, we now define and study order ultrabornological spaces which 
is a special class of order bornological spaces. 

Let F be a vector space and B be a balanced and convex set in E and (B) 
be the vector subspace generated by B. Then B is absorbing in (B). Hence, the 
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gauge gs is a seminorm on {B) (p. 11.26 of [3]). Following [3], we will use Eb to 
denote this seminormed space. 

Definition 3.1. A balanced and convex set B in a topological Riesz space 
{E, t) is said to be order infrabornivorous if it absorbs all order bounded, balanced 
and convex sets B such that Eb is a Banach lattice. 

Theorem 3.1. Let {E,t) be a locally solid Riesz space and B be an order 
bounded, balanced and convex set in E. Then the following statements hold. 

(i) The gauge gB is a norm, that is, Eb is a normed space. If in addition B 
is solid in Eb, then Eb is a normed Riesz space. 

(ii) The subspace topology for Eb is weaker than the norm topology on Eb 
generated by gB- 

(hi) If in addition E is Hausdorff and B is a solid and semi-complete subset 
of E, then Eb is a Banach lattice. 

Proof. (i) Let a; be a nonzero element in Eb- We only need to show 

that gB(x) = 0 implies a; = 0. To this end, consider a neighborhood 

V of zero in E. Since E is locally solid, B is r-bounded. Thus, there 
exists some a > 0 such that aB C V. If x ^ 0, then we clearly have 
X ^ aB which implies gB{x) > 0, contradicting the hypothesis gB{x) = 0. 
Therefore, x = 0. If in addition B is solid, then gB is a Riesz norm. 
Therefore, is a normed Riesz space. 

(ii) Since E is locally solid, B is r-bounded. Hence, for any r-neighborhood 

V of zero, aB C V for some a > 0, implying that aB C V Ci Eb- This 
shows that a neighborhood base of the norm topology is contained in a 
neighborhood base of the subspace topology. Therefore, the conclusion 
follows. 

(hi) (i) shows that Eb is a normed Riesz space. Since E is Hausdorff and B 
is semi-complete, Eb, as a normed space, is a complete (p. 111.8 of [3]). 
Therefore, Eb is a Banach lattice. 

□ 

Lemma 3.1. In a Hausdorff locally convex-solid Riesz space {E,t) a balanced 
and convex set B is order infrabornivorous if and only if it absorbs all balanced, 
compact, convex and solid sets. 

Proof. Suppose B absorbs all balanced, compact, convex and solid sets in 
E. Let A be an order bounded, balanced and convex set in E such that Ea is a 
Banach lattice. Then B absorbs A (Theorem 13.2.2 of [9]). Conversely, let A be 
a balanced, compact, convex and solid subset of E. Since a compact subset of a 
topological group is complete (w.r.t the relative uniformity). Theorem 3.1 shows 
that Ea is a Banach lattice. Therefore, B absorbs A. □ 

Definition 3.2. A locally convex Riesz space {E,t) is said to be an order 
ultrabornological space if each order infrabornivorous, balanced and convex set is a 
neighborhood of zero. 
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Remark 1. It is clear from Definition 2.1 and Definition 3.1 that an order borniv- 
orous set is order infrabornivorous. It follows that an order ultrabornological space 
is an order bornological space. 

Remark 2. Let Toub denote the following collection of subsets of E: 

{B is infrabornivorous, balanced and convex in E and Eb is a Banach lattice}. 

Then it is easy to verify that Toub satisfies the neighborhood system structure the¬ 
orem for topological vector space and {E,Toub) is an order ultrabornological space. 
We call {E,Toub) the order ultrabornological space associated with [E,t). Indeed, 
Toub is the finest locally convex topology t' for E such that all order bounded sets 
B with Eb being a Banach lattice are the same for {E,t') and {E,t). 

Lemma 3.2. Suppose (i?i,ri) and {E 2 ,T 2 ) are two ordered topological vector 
spaces such that E 2 has an order bounded T 2 -neighborhood. Let T be a linear oper¬ 
ator between Ei and i? 2 - Then the following two statements are equivalent. 

(i) If B is an order bounded, balanced and convex set in Ei such that Eb is 
a Banach lattice, then T[B) is order bounded, balanced and convex set in 
E2. 

(ii) For any order bornivorous, balanced and convex set D in E 2 the inverse 
image T~^{D) is an order infrabornivorous, balanced and convex set in 
El. 

Proof. (i) (ii). Let D be an order bornivorous, balanced and 

convex set in E 2 . Let B be an order bounded, balanced and convex set in 
El such that Eb is a Banach lattice. The hypothesis implies T{B) is an 
order bounded, balanced and convex set in E 2 . Hence, D absorbs T{B), 
that is, there exists a > 0 such that T{B) C \{D) for all A G P" such that 
|A| > a. This is equivalent to saying that B C XT~^{D) for all |A| ^ a. 
Therefore, T~^{D) is order infrabornivorous. 

(ii) => (i). Let B be an order bounded, balanced and convex set in Ei 
such that Eb is a Banach lattice. In view of Remark 1 of Definition 2.1, 
any balanced and convex neighborhood V of zero in E 2 is order borniv¬ 
orous. By hypothesis, T~^(P) absorbs B, or equivalently, there exists 
a > 0 such that T{B) C AD for all A G F such that |A| > a. This shows 
that T{B) is order bounded. Thus, the conclusion follows from the fact 
that linear operators preserve balancedness and convexity. 

□ 

Remark. It is clear from the proof that only the sufficiency requires that E 2 has 
an order bounded T 2 -neighborhood of zero. 

Theorem 3.2. Suppose (Fi,r) is an order ultrabornological space, {E 2 ,T 2 ) 
is an ordered locally convex space having an order bounded T 2 -neighborhood, T is a 
linear operator between Ei and E 2 , and B is an order bounded, balanced and convex 
set in El such that Eb is a Banach lattice. IfT{B) is an order bounded, balanced 
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and convex set in E 2 such that Ex[b) ^ Banach lattice, then T is topologically 

continuous (hence topologically bounded) and order bounded. 

Proof. The continuity of T follows from Lemma 3.2 and Definition 3.2. The 
fact that T is also order bounded follows from Theorem 2.3 of [5]. □ 
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